arXiv:1502.02146v2 [math.DG] 24 Apr 2015 


On the gradient flows on Finsler manifolds 


N. Shojaee, M. M. Rezaii 

Department of Mathematics and Computer science 
Amirkabir University of Technology (Polytechnic of Tehran), 

Tehran, Iran 

April 27, 2015 


Abstract 

The purpose of this article is to provide a general overview of curvature functional 
in Finsler geometry and use its information to introduce the gradient flow on Finsler 
manifolds. For this purpose, we first prove that the space of Finslerian metrics is 
a Riemannian manifold. Then it is given a decomposition for the tangent space of 
this Riemannian manifold by means of Riemannian metric and the Berger-Ebin theo¬ 
rem. Next, Finslerian functional is introduced and show that Akbar-Zadeh curvature 
functional is the example of Finslerian functional. After that, the critical points of 
Akbar-Zadeh functional are found in two situations. Based on the constant Indicatrix 
volume and restricting its variations to the point-wise conformal transformations, we 
prove that the critical points of functional are metrics of constant Ricci-directional cur¬ 
vature. Finally, the gradient flow of Akbar-Zadeh curvature functional in this special 
direction is introduced as a good candidate for evolving to the metric with constant 
second type scalar curvature and we compare this new flow with introducing Ricci flow 
in Finsler geometry. 

Keywords: Gradient flow; Curvature functional; Berger-Ebin theorem. 

Subjclass[2000]: 53B40, 58B20, 58E11 

1 Introduction 

Nonlinear heat flows were first appeared in Riemannian geometry in 1964, when Eells and 
Sampson have introduced the harmonic map heat flow as the gradient flow of the energy func¬ 
tional E{u) = iVupdU [I]. They have used this flow to deform given maps u : M ^ N 
between two manifolds into the extremal maps which are critical points of the energy func¬ 
tional E{u) in the sense of the calculus of variation. 

One of the fundamental problems in differential geometry is to find canonical metrics on Rie¬ 
mannian manifolds, that is, the metrics which are highly symmetrical, like those of constant 
curvature in some senses. It was hrst Hamilton, who used the idea of evolving an object 
to such an ideal state by a nonlinear heat flow and invented the Ricci flow in 1981, cf. [2]. 
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He has proved that a Riemannian metric of strictly positive Ricci curvature on a compact 
3-manifold can be deformed into a metric of positive constant curvature. Similar results for a 
compact n-manifold have been obtained by G. Huisken |3], C. Margerin [1] and S. Nishikawa 

0 . 

The stationary metrics under the Ricci flow are Ricci flat metrics which are also the critical 
points of the Einstein-Hilbert functional £ {g) = RdV but the Ricci flow is not exactly 
the gradient flow of this functional. It is just the hrst part of the Einstein-Hilbert func¬ 
tional’s gradient flow, dtgtj = —Rij + {R/n)gij. If this functional is restricted to the class 
of conformal metrics, then it has a strictly parabolic gradient flow called the Yamabe flow. 
Hamilton proved that there is not any functional such that its gradient flow is exactly the 
Ricci flow. Perelman recently improved the Einstien-Hilbert functional and introduced R- 
entropy functional J-{gij, f) = + R)&~^dV. This functional had a system of PDEs 

such that one of these equations was the Ricci flow [6]. 

Moreover, the gradient flows have fruitful roles in global analysis on manifolds and in differ¬ 
ent branches of applied sciences such as image processing and biological problems. Finsler 
geometry is a natural generalization of Riemannian geometry. Therefore, it is natural to 
extend gradient flow on Finsler manifolds. For the hrst attempt in this topic, we can men¬ 
tion the concept of the Ricci how introduced by Bao [7]. He introduced dt\ogF = —Ric as 
a scalar form of the Ricci how on Finsler manifolds since it guarantees that the metric is 
derived from Finsler structure without needing to check integrability conditions in each step 
of work. Recently, Ohta and Sturm studied the heat hows on Finsler manifolds in [8]. 

In the present work, the space of all Finsler metrics on a given manifold is studied. It is 
proved that this space has a Riemannian manifold structure and is represented by Adjr (see 
Theorem (3.2)). This manifold structure is important to make sure that the solutions of heat 
hows come from a Finsler structure. A heat how is placed in the tangent space of manifold 
M-f and if it has some solutions, then they are located in this manifold according to the 
concept of integral curves. So it gurantees the solutions of heat hows come from a Finsler 
metric no need to use the scalar form of hows. In the forth section, by means of the metric 
structure on manifold M-p and the Berger-Ebin theorem, two diherent splits are given for 
the tangent space of Adp (see Theorems 4.2, 4.3), which are the natural extension of the 
Riemannian case, see puniiiiKig. In this way, in the hfth section, the variation of Finsler 
metrics is dehned a bit more complete than what is mentioned by Akbar-Zadeh in [13] (see 
Dehnition 5.2). Furthermore, the Berger-Ebin decomposition of the tangent space Adp helps 
us to calculate the variation of curvature functionals in diherent directions and hnd another 
heat how dtgtj = —H{u,u)gij which is a weakly parabolic equation (see Corailary 5.4). Fur¬ 
thermore, we dehne Finslerian functionals (see Dehnition 5.3) and we compute variations of 
Akbar-Zadeh functional in the point-wise conformal transformation direction and prove that 
the critical points of this functional are of constant Ricci-directional curvature (see Theorem 
5.3). 

2 Preliminaries 

Let {M,g) be a connected, compact Finsler manifold. That is, there is a function F on the 
tangent bundle TM satisfying the following conditions: 
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• F is a smooth function on the entire slit tangent bundle TMq. 

• F is a positive homogeneous function on the second variable, y. 

• The matrix ( 51 ^), gij{x,y) = is non-degenerate. 


2.1 Connections on Finsler manifold 


Geodesics of a Finsler structure F are characterized locally by -|- 2G*(x, = 0, where 

C* = ~ called geodesic spray coefficients. Let G* = ^ be the 

coefficients of a nonlinear connection on TM. By means of this nonlinear connection, the 
tangent space TMo splits into horizontal and vertical subspaces. TTMq spanned by 
where ^ := ~ are called Berwald bases and their dual bases are denoted by 

{dx*, 5?/*}, where dy* := dy^ + G^jdxK Furthermore, this nonlinear connection can be used 


to dehne a linear connection called the Berwald connection and its connection 1-forms are 

dG'*' 

dehned locally by tt* = G*;.dx^ where G*;. = The connection 1-forms of the Cartan 


connection are dehned by where ca* = F*;i,dx*^ -|- Cj^dy’^ such that 

1 . dQmj ^ ^9kj 


r}. = 2 ^ 


dx’^ dx^ dx 


\ (I r^si\ 


and 


_ }_„ira^^9rr^ , dg^k _ dgkj x 

jk- ^9 y Qyk Qyj Qym^ 


( 1 ) 


Hence we have V = V -|- V where, V is the horizontal coeffiecients of the Cartan connection 
and V is the vertical coeffiecients of the Finslerian(Cartan) connection. For more details of 
this subsection see m- 


2.2 The curvature tensors of Finsler manifold 

The hh-curvature of the Cartan and Berwald connections are denoted respectively by 
and H.\i. They are related by [13], 


D * 

ki 


= H, 


kl 


_L 'Q ^ 

-f- 




VfcVoG;, + VoCiVoG 


jk 






The Ricci tensor is dehned in diherent ways in Finsler geometry. In the present work, we 
consider the Akbar-Zadeh’s dehnition of Ricci tensor given by Hij = 1/2 (Hrsy'^y^), 

where Hij = g^^Hi^jg. The Ricci-directional curvature is dehned by H{u,u) = g’‘^Hijkiu^u’‘ 
where, H = y. The scalar curvature of second type is dehned hy H = g^^Hij. According 
to the above formula, it is not important which connections are used for dehning the Ricci 
tensor and the Ricci-directional curvature. 
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2.3 The Indicatrix bundle 


Let xq G M, define Sx^M = {y E TxQM\F{xo,y) = 1} which is called Indicatrix at the point 
xq. Pnt SM := U Sx^M, SM is called the Indicatrix bnndle of a Finsler strnctnre F. All 

xqGM 

the geometric objects on SM are positive homogeneons of degree zero. If / is a fnnction 
on SM and daS (1 < a < n — 1) are partial derivatives along Indicatrix then its derivative 
is daf = where 9a = and is the transition matrix of rank (n — 1). So the 

coefficients of the indnced metric on SM are Qa^y = since the vertical Lionville 

vector field L is normal to the Indicatrix with respect to this metric, we have 


idij) 




{day) 

0 


0 

1 


The dnal bases of da is denoted by and is defined by = Vn = cj", cf. na. 

The Indicatrix bnndle SM is always orientable and the compactness of M provided that 
SM is compact, too. These two properties of SM permit ns to define integral on Finsler 
manifolds and a global inner prodnct on SM. The volnme element of the Indicatrix bnndle 
is denoted by {2n — l)-form y, cf. [13], 


y : = 


(- 1 ^ ^ 

(n- 1)' 


0 = (nA N 


n{n — 1) 
2 


( 2 ) 


where u is the Hilbert form. On the tensor spaces on SM, The canonical (point-wise) scalar 
prodnct is denoted by < .|. > and the global scalar prodnct on their sections is denoted by 
(.|.) = < .|. > y. The codifferential operator on the space of differentiable 1-forms is 

defined on SM by, cf. [T3] . 

5a = -{VMj-ajVoC^), (3) 

where, a is a horizontal 1-form on SM. And 


= -F{VjF + bjC^) = -Fg^^djbi. 


(4) 


where, 6 is a vertical 1-form on SM. 


2.4 Curvature functional 

Akbar-Zadeh defined different fnnctionals by means of different cnrvature tensors in [T51 [TB] . 
The more general case among them is 

I{gt) = f Htyt, (5) 

J SM 

where H = H — c{x)H{u,u). The critical points of this fnnctional are called generalized 
Einstein metrics. More preciesly, we have the following: 

Definition 2.1. A Finslerian manifold is called a generalized Einstein manifold (GEM) if 
the Ricci-directional curvatnre is independent of the direction. That is to say 

Hij{x,y) = C{x)gij{x,y). 
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Through hnding critical points of the functional I{gt), Akbar-Zadeh proved that 

C{x) = nH{u,u) = H. (6) 

So the Ricci-directional curvature is related to the second type scalar curvature, see [13] for 
more details. 


3 The space of Finsler metrics 


The space of Riemannian metrics on a given manifold is an infinite dimensional manifold. 
It is easy to see this property since the Riemannian metrics space is the open and convex 
set of the space of all sections of S^T*M. Ebin used the manifold structure in [9] and gave 
a Riemannian structure to the manifold of Riemannian metrics on a compact manifold M. 
The aim of this section is to consider the geometry of the space of Finslerian metrics. Dealing 
with Finslerian case is not as easy as Riemannian case because of PDFs and integrability 
conditions for defining the Finsler metrics. The outline of the proof is to start by the 
generalized Lagrange metrics and restricted it to hnd a suitable PDF for introducing Finsler 
metric space. The generalized Lagrange metric is a metric structure on tt*TM or VTM and 
is defined as follows: 


Definition 3.1. A generalized Lagrange metric, briefly a GL-metric on an n-dimensional 
manifold M, is a (0, 2) d-type tensor held gij{x, y) on TM satisfying the following 

• gij{x,y) = gji{x,y), i.e. it is symmetric. 


• detgij{x,y) ^ 0, i.e. it is regular. 


• The quadratic form gij{x,y )^’‘^^G M"" has a constant signature. 

If we only consider positive signature, then g{x, y) is a Fuclidean product of the vector 
space 7r*|^TM for each z = {x,y) ^ U <Z TM. So tt*TM is a Riemann vector bundle over 
TM. A GL-metric is called a Lagrange metric, if there is a potential function L : TM —)■ M 
such that 

are components of a positive dehnite matrix. A GL-metric is reducible to a Lagrange metric 
if and only if the Gartan tensor (ITHll is symmetric in all three indices. This condition is 
equivalent to the integrability condition of the system ([7]) i.e. is satished. It 

signihes that the equation ([T]) is reduced to the form Cijk = = \dkgij- Furthermore, 

the coefficients of a Finslerian metric are zero homogeneous, so they are lying on SM. Hence 
a Lagrange metric is reduced to a Finsler metric if and only if the coefficients of the metric 
are satished with a system of the linear partial diherential equations, y^^r = 0, see na 
for more details. So the problem of introducing the space of Finsler metrics is reduced to 
hnding the solution space of the following system: 


/ y'digjk = 0; i,j,k = l,...,n 

U(e,O>0; eeP(MTMo) 
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We note that since these equations are dehned in L-metrics space so the potential function 
is always dehned by 

L{x,y) = gij{x,y)yy. 

for the solutions of (El). It means that the integrability condition is satished for these solu¬ 
tions. Now, the procedure is to dehne another system of equations which is equivalent to 

«. 

Definition 3 . 2 . Let E and F be vector bundles over the manifold M. A linear differential 
operator of order q from to F is a map (f)oj'^ : E ^ F between the sets of germs of sections 
E and F where, cj): J^{E) ^ F is a vector bundle morphism and J^{E) is the jet bundle of 
F of order q. 

A GL-metric is a held of cones on that is 

k:TM ^ S^Tr*T*M (9) 

z k{z) C Ez 

where k{z) = {gij G S‘^7i*T*M\detgij > 0} U {gij G S‘^7i*T*M\detgij < 0}. So the space of 
GL-metrics is a symmetric 2-forms bundle over TM endowed with a held of cones which is 
denoted by F := [S'^7r*T*M; F] cf. [18]. Let F be the subbundle of J^E which is spanned 
at each point z G TM by , ul) where, L = y^-^ is the vertical Liouville vector 

held. Suppose that P : r(F) —)■ r(F) is a linear hrst order diherential operator which is 
dehned by P{g) := ^oj^{g) = y’^dkgij c.f [I9|. 

Definition 3 . 3 . A morphism of vector bundles cr(F) : SM*M ® E ^ F which is hbered 
over F : F —)■ F is called the symbol of P. 

The symbol of P is dehned by: 

a{P) : T*{TM)®E^ F 
at{P) = P{fg), 

where t = df. In local coordinate, we have P{fg) = y^dk{fgij)- So by means of the 
integrability condition for system ((HI), the kernel of this symbol is the space of conformal 
Finsler metrics. For any s > 3, the vector space 

K := {T*TM (g) F) n {S^-^T*TM (g) ker{a{P))), 

is vanish. Therefore, the system (F, F, F) is of hnite type. So the equation P{g) = 0 is 
equivalent to the closed system of PDFs of the form dkgij = where, 'ipkiij) are a com¬ 

bination of the homogeneous functions of order —1 of y®, L{x,y), ^{x,y) and -^^{x,y). 
Hence the system of equations ([HD is equivalent to the following system: 

j dkgij = iJk{ij) ; i,j,k = l,...,n 

U(e,O>0 ; eGF(7r*TMo). 

It will thus be sufficient to prove that the system (fTop has a solution, see [20]. Since this 
system is of hnite type, i.e. the higher order derivatives can be written in lower order 
derivatives, the integrability condition is always true for this system. 
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Proposition 3.1. The system of PDFs ^^) has a solution. 


Proof. The 1-forms associated with this linear system are (Pgtj — 'ipk{ij)dy^ = 0, so the 
annihilator of these 1-forms are = df- + According to the Frobenius theorem, 

^Qij 

this system has a solution if and only if [Xk,Xi\ = 0. This condition is equivalent: 

dMij) - di'ipkiij) + = q . ( h ) 

^Qmn t/Qrnn 

By integrability condition, we have dkfjiiij) = difjkiij), so this equation is reduced to 


ipi[mn)—- - yjkymn)— -= U. 




dgr, 


( 12 ) 


Represent the set of algeraic equations (IT^ by Fx^z^g) = 0, where K = 1,... ,n^. So we 
have maximum independent and it yields that the system of equations fllUl) has a solution 
according to Theorem (2.1) of [20]. □ 


Theorem 3.2. The space of all Finsler metrics on a compact manifold M is a Riemannian 
manifold. 

Proof. Let F be a solution of (IT2|) so F is a homogeneous function of order 2 on TM. It means 
that the solution space of flTOll is an inhnite dimensional manifold. Suppose 5 ^ is a solution of 
OB, SO g ^ such that it is zero homogeneous and satishes in the integrability condition 
i.e. gij = l/2g|j^. So the solution space of flTOl) is an inhnite dimensional manifold, too. 
This solution space is represented by Xip- For every g E Aip, the tangent space of this 
manifold is the space of all symmetric 2 -forms which are positive homogeneous of degree 
zero and symmetric in all three indices i.e. 


TgMp = {he S\7i:T*M)\dgh,k = dkh,g}, 

Dehne the global inner product on Aip by 

{a,b)g := <a,b>V, (13) 

JSM 

where a,b ^ TgAip. The local inner product is dehned by < a, 6 >:= g~^ag~^b and we 
suppose that a and b are square integrable. This inner product smoothly depends on g. 
Therefore, the pair {Aip, (-I-)) is an inhnite dimensional Riemannian manifold. □ 


4 Different decompositions of the tangent space of 

It is well known that ti*TM is isomorphic to VTM. Let us consider a section s : M ^ 
TM. The pullback bundle s*VTM is a vector bundle over M and for all x G M there is 
an isomorphism Ila, : {VTM)s{x) —^ {s*VTM)x = {s*7t*TM)x. We use this isomorphism 
frequently without notihcation in this work . Consider a vector held V G r(TM) and denote 
by T]t the 1-parameter local how of V. Let g be the natural extension oi g on TM dehned by 
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r]t : {x\ ?/*) ^ (x* + tv\ Clearly, V := is the complete lift of the vector 

held V on TM. 

Let X = be a section of -k^TM. Consider the canonical linear mapping q : T^TM —)• 

tt*TxM which is dehned by and Pz(^) = 0 in local coordinates. Suppose 

X, Y and Z are sections of TTM so by using the Lie derivative and torsion dehnitions and 
the properties of Cartan connection we obtain: 

LjcOigY, qZ) = Lj^g{Y, Z) 

= g{syrnm(VX)Y, Z) + g{Y^ symm{yX)Z) 

+ 2g(T{X, Z),Y)+ g{T{X, Z),Y)+ g{T{X, X), Z), 


where X := and g{symm{yX)Y, Z) := 5 f(V^yX, Z) + g{Y,V It is dehned 

similarly for vertical connection. 

Now, Let X be the complete lift of a vector held X on M. Replacing this vector held in the 
above Lie derivative equation, and using y'^j^ = y^j^, we get 


dx'" 

B BX^ B 


Bx^ 


'Bx^ 


B 

= + y^x^FlJC- 


5x'^' 

= y^vXC' 


Ik 


Bx^‘ 


B 


i^Bx^' 


So in local coordinate, we deduce that 

L^g{QY, qZ) = V,X, + V,X, + 2y^V^X^Ck^j. 

By means of the global inner product (IT^ . we dehne the adjoint of this operator. 


(14) 


Lemma 4.1. Let {M,g) be a compact Finslerian manifold and h an arbitrary symmetric 
2-form in S^7i*T*M. Then the adjoint of Lie derivative of h in local coordinates is given by 


Proof. 


ISM 


Sh = -{V^hik - hk.VoC^ + Ck^JP= + 


liLj^g, h)g=l [ {ViXj + V,X, + 2y^VmX>^Q,,)P^g 

^ ^ JSM 


(15) 


'SM 




'SM 


(h.fcVoC* - - C',,fcVoh*^')XS 


I SM 


'SM 


{V%k - + CujF^ + CkijVoF^)X^y 


{X,5h)g. 


'SM 


□ 








Theorem 4.2. The Berger-Ebin decomposition ofTgAip C S‘^7r*T*M is TgAip = {h\h = 
Lxq} © S'^ where S'^ := {h\6gh = 0}. 

Proof. Define the differential operator Tg for every g G Aijr by 

Tg : r(TM) ^ TgMr 

Tg{X):= L^g, 

where X is the complete lift of X. The adjoint of this operator is denoted by r* and defined 
as follows: 


T*g : TgMp r(TM) 

^g{h) = -^Sgh. 

For an arbitrary vertical 1-form t on SM, the symbol of r is defined by: 

©(r) = f © Xjt + Xjt © f, 

It is injective so the Berger-Ebin decomposition of TgA4jr is as follows: 

TgMp = ImTg © kerr*, (16) 

where ImTg = {h\h = Lj^g} and kerr* = {h\6gh = 0}. □ 

Remark 4.1. By means of decomposition ffT6|) . every h in TgXip is decomposed as h = 
ho + Lj^g. So this decomposition is unique up to the Finslerian Killing vector fields. 

The point-wise conformal deformation of a Finslerian metric g is defined g{x,y) = 
f{x)g{x,y) where, / is a smooth positive function on M, |2T]. Since there is a one to 
one correspondence between the space of positive functions and space of exponential func¬ 
tions by / —>• e-^, we can write g = e^g. Let V be the product group of positive functions on 
M that acts on as follows: 

A.P X Xi p —y Xd p 
A{f,9) ■= fg, 

This action is free and smooth. The orbit of this action at g ^ Xip is defined by Ag = 
{/hi/ ^ which is a submanifold oi Xip [12]. The tangent space of this submanifold 
at g is defined by Tg = {h = kg\k G which is a subbundle of S‘^n*T*M at each 

point g E Xip. The orthogonal subspace of Tg with respect to the global inner product is 
S'^ := {h G S‘^ti*T*M\ Jg^kghg = 0} = {h G S‘^TT*T*M\tr{h) = 0}. On the other hand, 
by means of the variation of volume forms [13], tr{h) = 0 if and only if SM has constant 
volume. So the orthogonal space of Tg is the space of 2-forms which preserve volume SM 
through metric variations. Thus, there is a point-wise decomposition like 

TgXip = Tg®S^. (17) 
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Let V be the group of infinitesimal diffeomorphism on M and P be a 1-parameter group 
of positive function on M. Put C = V x V which is a semi-direct group with the following 
action: 


(hl,/l)-(h2,/2) = {V 1 OV 2 , f2{flOV2)), 

This group acts on by function A as follows: 

A C X j\A p —)■ AA p 

The orbit of A passing through g E Aip is 

Ag : C —>■ AA p 
Mv. 9) = fiv*9), 


which is a submanifold oi AAp |T2] . 

Theorem 4.3. The York decomposition of B C. TgAAp is B = J^g 0)3^^ ® n ImTg), 

dh^' 

where B is defined as the solution space of the system = 0 . 

Proof. Dehne Tg := dAg\(^e^i) as follows: 

Tg : T{TM) X C^{M) -E TgAAp 

Tg{X, k) = Lj^g + kg, 

The adjoint of Tg is denoted by t* and dehned by: 

T* : TgAAp -E V{TM) X C°°{M) 

h —)■ (jjdiuh, tr{h)), 

The condition ^ = 0 leads to the function tr{h) is just function of x. So r* is well-dehned. 
The kernel of this map is S'^'^ = {h E TgAAp\divh = t]fir{h) = 0 }, and since the symbol of 
the map Tg i.e. at{Tg){X^ f) = fg + t®X^ + X^®t where, t is an arbitrary vertical 1-form 
on SM is injective so the Berger-Ebin decomposition is 

TgAAp = © ImTg, 

By corresponding this decomposition with point-wise decomposition fll7l) . we get 

TgAAp = Xg®S'^^ AlmTg). (18) 

□ 

Example 1. The subset B of TgAAp is nonempty. Let F{x,y) be a Finsler structure which 
does not reduce to the Riemannian case. Suppose g = g{x,y) is an arbitrary curve in 
AAp. So hi = djelAA only depends on the variable x. 


10 


The last term of equation ffTSj) shows that every 2-form h = Lj^g + fg preserves volume 


of SM that is tr{h) = 0. So we must have / = —{2/n)div{X), that is h is in the form 
h = Lj^g — {2/n)div{X)g. Let g G and Cg be the isotropic group of action A, i.e. 


{(h,/) e C\ffi*g = g}, 


It is clear that Cg is isomorphic to the conformal deformation group, i.e. 

{g G 'D\fi*g = fg, for some f G V}, 

The Lie algebra of this group is dehned by 

Kg = {(X, k) G r(TM) X C^{M)\Lj,g + kg = 0}, 
So it is diffeomorphic with inhnitesimal conformal variation 


2 


{XGr(TM)|L^^ 


div{X)g}. 


n 


According to the above discussion, research works in [13] and [22| are restricted to the 
isotropic group of the Finsler metrics. 

5 Curvature functional on Aijr 

If H is an inner product space with a smooth functional E : H ^ M., the gradient vector 


held XE : H ^ H is given at each point u E H hy the unique vector XE{u) G Ed such that 
for all u E H, 


{XE{u),V) = dE{u)V 

Definition 5.1. The gradient how equation of a functional E is dehned as follows: 



(p„(0) = Mo 


where, (p : I x H ^ H is a curve in H. 

Definition 5.2. A variation of a Finslerian metric go is a 1-parameter family of metrics 
{gtjtei, where gt = go + th, go E Mp and h E TgMp- 


According to the above dehnition, the variation of a Finslerian metric is a curve on the 


manifold Adp such that its tangent vector held is h := dtgt- When a Finslerian metric is 
deformed, then the geometric structures, like nonlinear coefficients, curvature tensors, volume 
forms and Indicatrix will be changed as well. Variations of these objects are calculated in 




(19) 


( 20 ) 
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( 21 ) 

( 22 ) 


where 


and 



■p /2 I pY 2 p/r 

^ jk ' ^ jr^ ok' 


^'^jk ~ l^d'^^^Skhmj + '^jhmk ~ ’^mhjk) 

- {Crfit + C\fi'; - Ck.sG'^g^n 


Hjj^ = Hjk — XH{u,u)ujUk — {nr — (f))ujUk 


( 23 ) 


where 


r ;= (V^VoT, - VoT.VoT,) + g^^dj{VoVoTi) 
4 > ■= 5[V.7‘ - TiVoT' - F^g‘iai(i,i/F)] 


and 


7* •— 2AVo7i — VjA — TjVoA 


Definition 5.3. A real valued function A' on Adi? is called Finslerian functional if it satisfies 
the condition E{{dip)*g) = E{g) for every diffeomorphism (p on M. 

Example 2. The curvature functional dS]) is a Finslerian functional. Let (p he a. diffeomor- 
phism on M and be a Finslerian metric on manifold M so {dip)*g G Ad^. It is easily 
seen that ip is an isometry between two Finslerian manifolds {M,g) and (M, {dip)*g). Hence 
H{dip)*go = Hg^, p^difYgo = Vgo and S~M = SM and consequently I{{dip)*g) = I{g). So the 
functional ([S]) only depends on Finslerian geometric data, and can be viewed as a function 
on the quotient space Adp/'D, where TX denotes the diffeomorphism group of M. 

Lemma 5.1. The variation of the volume form ^ with respect to the point-wise conformal 
deformation at t = 0 is rj' = Xtrg{h)r]. 

Proof. The point-wise conformal variation of a metric g is gij = so hij = g{t,x)gij, 

where Q{t,x) = f'{t,x)eG^'P = Mrg{h). Substitute this equation in ([19]), at t = 0 we get 

g' = \trg{h)g. □ 

Theorem 5.2. Let {M,g) be a closed and connected Finslerian manifold with dimM > 3. A 
metric g^ at the critical pointit = h^g^ = (y'(O)) of the functional I{gt) is a Ricci-directional 
flat metric. 


Proof. Derivative of the functional I{gt) in an arbitrary direction leads to 

~ 71j • 

Ajkh^^ = {Hjk - XH{u, u)ujUk - {nr - (fyujUk - H{gjk - -UjUk))hA = 0. (24) 


Since g^ gives the extremum of I{gt) and by means of (|6|), id is just a function of variable x 
at t = 0. So equation (j2Tll reduces to 

AjkhA = {IPj^, - XH{u, u)ujUk - {nr - (jfujUk - ^Hgjk)hA = 0. (25) 
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(26) 


Contracting both sides of Ajk by and we have: 

H 

H{u, u) — XH{u, u) — {nr — (f)) —2 ~ ^ 

By contraction of Ajk by we obtain: 

~ Tl '' 

H — XHfu, u) — [nr — (f)) — —H = 0, (27) 

By subtracting (1261) and (l27D . we get: 

fl - 1 /V ~ ~ 

-^H = -H + H{u,u), (28) 

and 

Tt ~ 1 ~ 

XH(u, u) + (nr — (A = - Hiu^ u) - H. (29) 

n — 1 n — 1 

Replacing two last equations in Aj^ and contracting by and we have: 

H{u, u) = 0. 


Hence proof is complete. □ 

Remark 5.1. If in the hnal step, we contract the equation by gA instead of and then 
we obtain if = 0. 

This functional is not invariant under the rescaling. For eliminating this problem, we use 

a normal factor A = V’(t), and put g = 'ip(t)9(t) such that = 1. Therefore, rj = V 

_2 

and by replacing it in the volume formula, we have if) = {y{t))~. Next, we rewrite the 
functional I{gt) with respect to this normalized factor 


I{ 9 ) = I{ 9 t)=j {H{g)-XH{u,u){g))g, 

JSM 


A iHi9) - >^H{u,u){g))A^V, 


ISM 

n — 2 


= A ^ 1 ( 9 ), 

j > \ \ 2 Tl . . 

= (V'(i))—/(S). 


Theorem 5.3. Let M he a closed and connected Finslerian manifold with dimM > 3. H 
metric go is a critical point for Ifgt) under all point-wise conformal variations at t = 0 if 
and only if the Finslerian manifold is of constant Ricci-directional curvature. 

~ 2 —n 

Proof. Derivative of both sides of equation Ifgt) = (y(t))~ii~I{g) and calculate it at t = 0: 


n 


I\gt)\t=o = -R(t)^=o(R(0))^-'/(^o) +^(0)^/'(^0li=o, 


n 


^ ^ 2n V(0) JsM 


tr{h)g+ / AijF^g}\t=o. 


'SM 
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Put Ave := which is a constant value. Restrict to the point-wise conformal deformation, 
we get: 

0 = i\gt)\t=o 

= V{0)^ f {-—-Ave + (30) 

JsM ri n 

Since h is an arbitrary 2-form in we have: 

2 — 77 -2 — 77 ~ 77 ^ 

0 = —^— Ave + AijQ^^ = —-—Ave — H + XH{u, u) + {nr — 0) -|- —if, (31) 
Substituting fl25D and into and using ([2]) we obtain: 

H{u,u) = Ave. 

An 

□ 


Remark 5.2. In the set of stationary points of the curvature functional I{gt), based on the 
constant Indicatrix volume, we have ([6]). Hence H is constant, as well. 

Corollary 5.4. The unnormalized gradient flow of I{gfl with respect to the subspace Tg of 
TgM-F is 




(32) 


and it is a strictly parabolic equation. 


Proof. Derivative of the functional I{gt) is given by 


r{gt)\t=o= f H{u,u)trg{h)g = f H{u,u)gjkh^^g = 0 
JSM JSM 

SO its Euler-Lagrange equation is given by H{u,u)gij = 0. It follows that its associated 
gradient flow is -^Pij = —Ht{u,u)gij{t). The linearization of this equation is 

D[H{u,u)g,g] : C°°{SflT*TM)) C°^{S\T*TM)), 

D[H{u,u)gij]{^^) = D[H{u,u)]{hij) = ^H{u,u). 

So we have 


m 


H{u, u) 


Wt 



F F 


F-flVsVoh^o - 


00 


VoVoh® -|- lower order terms) 5 fjj. 


The total symbol of the Ricci directional curvature H{u,u) is 


a[H{u,u)gij]{^){hij) = F - ^^iChoo - v'^sV^^ihDgij + lower order terms. 
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So the principal symbol of the tensor H{u, u)gij is 

a[H{u,u)g,M){h^,) = - \^^Choo - 

Put ^1 = 1 and = 0 for all j 7 ^ 1. To evaluate the principal symbol of this equation, we 
take an orthonormal frame (cj) at x G M such that = ^ = 1 and = 0 for all a ^ n, 
it is clear that 

a[H{u,u)gij]{x,y){^,hij) = {h\iiisu''v} - ]^h{u,u) - uXsu’‘iitr{h))yj, 

= -^h{'^,u)gij = -dtlogPgiy 


Hence it is a strictly parabolic equation. □ 

The normalized gradient flow of functional I{gt) with restricted to the point-wise confor¬ 
mal deformation is ■^gij{z,t) = —{Ht{u,u) — c{t))gij{t, z), where c{t) is a constant value at 

each t and is dehned by c(t) = . 

Remark 5.3. According to the above discussion, we can dehne fl32p by means of H, i.e. 


dtgij{t,z) = -Htgij{t,z). 


According to the Akbar-Zadeh’s calculations, the Euler-Lagrange equation of functional 
(|5]) for an arbitrary direction is —hfp + c{x)gij = 0. So its associated gradient flow is 

do ■ ~ 

-^{t,z) = -Hij{t,z) + Ht{u,u)gij{t,z) = -VI{gt) (33) 

Consider the linearization of this equation. Since Htj = \ g^Qyj and Hl^y^y"^ = 

2VrG'^ — VoG(r + 2VoTrG'^, cf. [13] and use (ETj), we deduce that the hrst term of fl3^ is of 
order 4 in term of h. Note that similar to the Riemannian case, fl33|) has not any solution 
since the second term of fl5^ is a backward equation. Bao considered the hrst term of fl55]) 
as the Ricci how on Finsler manifolds, i.e. dtgij = —Hij{t). Through this work, we derive 
the second term of fl33|) . i.e. dtgij = —Ht{u, u)gij{t) as a gradient how in the special direction 
of variations. Both of these hows have scalar form dtlogFt = —Ht{u,u). So we prefer to 
use the tensor forms of hows for our later studying and use manifold to garantees their 
solutions come from Finsler structure. 
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